Abstract. In this paper, we classify four-dimensional Jordan algebras over an algebraically closed field of characteristic different of two. We establish the list of 73 non-isomorphic Jordan algebras.
Introduction
The goal of this paper is to obtain an algebraic classification of Jordan algebras of dimension four over algebraically closed field k such that chark = 2. Our motivation to obtain such algebras comes out from the intention to study the variety of four-dimensional Jordan algebras. In order to understand this variety we need the list of all Jordan algebras, associative and nonassociative, unitary and non-unitary.
The classification problem of the algebraic structures of given dimension, i.e. find the list of all non-isomorphic objects in this structure, has been extensively studied. The only class of algebras (associative, Jordan and Lie) which is completely described is the one of simple algebras. In general, the list of all algebras is known only for small dimensions. In 1975, P. Gabriel presented in [G] the lists of all unitary associative algebras over an algebraically closed field of dimension n for n ≤ 4. Four years later, G. Mazzola, in his work [M] , classified 5-dimensional unitary associative algebras over an algebraically closed field and in [H] D. Happel obtained the list of unitary associative algebras of dimension 6. For Lie algebras the classification is known for dimension till 6, see [KN] . H. Wesseler in [W] described unitary Jordan algebras over algebraically closed field up to dimension 6. In particular he showed that all such algebras are special. In 1989, H. Sherkulov in [S] classified nonassociative Jordan algebras up to dimension 4 and in 2011, in their article [AFM] , Ancochea Bermudez and others classified the laws of three-dimensional and fourdimensional nilpotent Jordan algebras over the field of complex numbers.
In this work we generalize these papers and classify Jordan algebras (both unital and nonunital, associative and nonassociative) of dimension four over algebraically closed field of characteristic different of two. In the forthcoming paper we will use this description to study deformations between Jordan algebras and describe the variety Jor 4 .
The paper is organized as follows. In Section 2, we recall the basic concepts and necessary results for finite-dimensional Jordan algebras. In Section 3, we list all indecomposable Jordan algebras of dimension less than 4. In Section 4, we describe non-isomorphic Jordan algebras of dimension four and, finally, in section 5 we show that all algebras are pairwise nonisomorphic.
Preliminaries
In this section we present the basic concepts, the notation and principal results about Jordan algebras.
We will work only over an algebraically closed field k of characteristic = 2 and, furthermore, all Jordan algebras are assumed to be finite dimensional over k.
Definition 2.1. A Jordan k-algebra is an algebra J with a multiplication "·" satisfying the following identities for any x, y ∈ J:
We will also use a linearization of Jordan identity (2.2)
for any x, y, z, w ∈ J. Here (x, y, z) :
is the associator of x, y, z. Let A be an associative algebra. We define on the underlying vector space of the algebra A a new operation ⊙ of multiplication given by the formula
for any x, y ∈ A, where x · y denotes the multiplication in A. The algebra (A, ⊙) is a Jordan algebra and is denoted by A
.
Definition 2.4. A Jordan algebra J is called special if there exists an associative algebra
A such that J is a Jordan subalgebra of A (+) . Jordan algebras which are not special are called exceptional.
Example 2.5. Let (U, j) be an associative algebra with involution and Definition 2.6. A Jordan algebra J is said to be nilpotent if there exists an integer n ∈ N such that J n = 0. The minimum n for which this condition holds is the nilindex of J.
If s is the nilindex of J, we define the nilpotency type of the algebra J as the sequence (n 1 , n 2 , n 3 , · · · , n s−1 ), where
. We remark that all n i > 0. In fact, suppose that there exists an i ∈ N,
In particular it holds for k = s, so J i = J s = 0 which is impossible since s is the nilindex of J. We recall the Albert Theorem that classifies all finite-dimensional simple Jordan algebras.
Theorem 2.9. [J, Corollary V.6 .2]Let J be a finite-dimensional simple Jordan algebra over an algebraically closed field k. Then we have the following possibilities for J:
( we have the Peirce decomposition of J relative to idempotents {e 1 , . . . , e n }:
where
In this section we present the lists of all one-two-and three dimensional indecomposable Jordan algebras. Henceforth, for convenience we drop · and denote a multiplication in J simply as xy.
By Proposition 2.8 every Jordan algebra J, can be decomposed as J = J ss ⊕ N, where N is the radical of J and J ss is semisimple. We will denote by e i the elements in J ss and by n i the ones which belong to N.
3.1. Jordan algebras of dimension one. There are two non-isomorphic one-dimensional Jordan algebras: the simple algebra F 1 = ke, with e 2 = e and the nilpotent algebra F 2 = kn, with n 2 = 0.
3.2. Jordan algebras of dimension 2. The only semisimple Jordan algebra of dimension 2 is ke 1 ⊕ ke 2 . If dim N = 1 then J has an idempotent e 1 , N is generated by n 1 and the action of e 1 n 1 = in 1 , i = 0, 1 2
, 1 defines three non-isomorphic algebras. Finally there are two nilpotent algebras: algebra with zero multiplication and algebra generated by n 1 , with n 3 1 = 0. Therefore we obtain the following three indecomposable two-dimensional Jordan algebras: Table  Observation B 1 e 2 1 = e 1 e 1 n 1 = n 1 n 2 1 = 0 associative B 2 e 2 1 = e 1 e 1 n 1 = 1 2 n 1 n 2 1 = 0 nonassociative B 3 n 1 2 = n 2 n 1 n 2 = 0 n 2 2 = 0 nilpotent, associative 3.3. Jordan algebras of dimension 3. In [KS] all three dimensional Jordan algebras are described. We obtain the following 10 indecomposable algebras: Table  Observation T 1 e 2 1 = e 1 n 2 1 = n 2 n 2 2 = 0 e 1 n 1 = n 1 e 1 n 2 = n 2 n 1 n 2 = 0
unitary, associative
T 2 e 2 1 = e 1 n 2 1 = 0 n 2 2 = 0 e 1 n 1 = n 1 e 1 n 2 = n 2 n 1 n 2 = 0 unitary, associative n 1 e 1 n 2 = n 2 n 1 n 2 = 0 nonassociative
n 1 e 1 n 2 = 0 n 1 n 2 = 0 nonassociative
n 1 e 1 n 2 = n 2 n 1 n 2 = 0 nonassociative T 10 e 2 1 = e 1 e 2 2 = e 2 n 2 1 = 0 e 1 e 2 = 0 e 1 n 1 = 1 2 n 1 e 2 n 1 = 1 2 n 1 unitary, nonassociative Table 2 . Indecomposable three-dimensional Jordan algebras.
Jordan algebras of dimension 4
In this section we will describe all Jordan algebras of dimension four. The description is organized according to the dimension of the radical and subsequently the possible values of the nilpotency type. Also for each algebra we calculate the dimension of its automorphism group Aut(J), the annihilator Ann(J) = {a ∈ J | aJ = 0} and the second power J 4.1. Semisimple Jordan algebras. By Theorem 2.9, there exists only 3 simple Jordan algebras of dimension ≤ 4: ke of dimension 1; Sym 2 (k) (+) of dimension 3 (here denoted by T 5 ) and M 2 (k) (+) of dimension 4. Then there are three semisimple Jordan algebras of dimension 4, namely: 
unitary, semisimple, associative Table 3 . Four-dimensional semisimple Jordan algebras 4.2. Jordan algebras with one-dimensional radical. Since dim N = 1, J ss is 3-dimensional and by Theorem 2.9 we have the following possibilities:
contains 4 orthogonal idempotents e 1 , e 2 , e 3 and e 0 = 1 − e 1 − e 2 − e 3 , so using Peirce decomposition (2.12) we have:
, and the correspondent decomposition of N:
Let n 1 be a basis of N, then J is completely defined by Pierce subspace n 1 ∈ N ij . Thus we obtain the following pairwise nonisomorphic algebras: Table 4 . Four-dimensional Jordan algebras with one-dimensional radical and semisimple part J ss = ke 1 ⊕ ke 2 ⊕ ke 3 .
2)J ss = T 5 . Then the algebra J # = J ⊕ k1 contains 3 orthogonal idempotent elements e 1 , e 2 , e 0 = 1 − e 1 − e 2 and we have the following decomposition of N N = N 00 ⊕ N 01 ⊕ N 02 ⊕ N 11 ⊕ N 12 ⊕ N 22 .
Let n 1 be a basis of N then the action of idempotents is defined by i and j where n 1 ∈ N ij . One has to check how e 3 ∈ J 12 acts in n 1 . If n 1 ∈ N 00 , e 3 n 1 ∈ J 12 J 00 = 0 is zero. If n 1 ∈ N 12 , then e 3 n 1 ∈ J 2 12 ⊆ J 11 ⊕ J 22 , and since e 3 n 1 ∈ N = N 12 ⊆ J 12 we have e 3 n 1 = 0. If n 1 ∈ N 0i or n 1 ∈ N ii , i = 1, 2 we obtain that e 3 n 1 = 0 but there exists elements of J that do not satisfy the identity (2.3) (n 1 e 3 , e 3 , e 2 ) + (n 1 e 2 , e 3 , e 3 ) + (e 3 e 2 , e 3 , n 1 ) = 0 if n 1 ∈ N 01 or n 1 ∈ N 11 , (n 1 e 3 , e 3 , e 1 ) + (n 1 e 1 , e 3 , e 3 ) + (e 3 e 1 , e 3 , n 1 ) = 0 if n 1 ∈ N 02 or n 1 ∈ N 22 .
Thus we obtain the following pairwise nonisomorphic algebras:
e 2 1 = e 1 e 2 2 = e 2 e 2 3 = e 1 + e 2 e 1 e 3 = 1 2 e 3 e 1 n 1 = 1 2 n 1 e 2 e 3 = Table 5 . Four-dimensional Jordan algebras with one-dimensional radical and semisimple part J ss = T 5 .
4.3. Jordan algebras with two-dimensional radical. The only semi-simple twodimensional Jordan algebra is J ss = ke 1 ⊕ ke 2 , therefore the unitary algebra J # = J ⊕ k1 contains 3 orthogonal idempotent elements e 1 , e 2 , e 0 = 1−e 1 −e 2 thus we have the following Peirce decomposition of N:
The ideal N can have two nilpotency types: (2) or (1, 1).
1) Nilpotency type (2).
Then N 2 = 0. Let n 1 , n 2 be a basis of N, then it is enough to choose to which Pierce components belong n 1 and n 2 . Thus we obtain the following pairwise nonisomorphic algebras:
J 17 e 2 1 = e 1 e 2 2 = e 2 e 1 n 1 = 1 2 n 1 e 1 n 2 = n 2 e 2 n 1 = 1 2
J 18 e 2 1 = e 1 e 2 2 = e 2 e 1 n 1 = 1 2 n 1 e 1 n 2 = 1 2 n 2 e 2 n 1 = 1 2 n 1 e 2 n 2 = 1 2 n 2 6 0 4 unitary, n 1 , n 2 ∈ N 12 Table 6 . Four-dimensional Jordan algebras with two-dimensional radical of type (2).
2) Nilpotency type (1, 1). There exists n ∈ N such that N = kn ⊕ kn
We will analyze this cases, in which we consider i, j, k all different. If N = N ii ⊕ N ij , we can choose n as an element of N ij . In fact if N ii = ka and N ij = kb, then we have b 2 ∈ N ii ⊕ N jj but N jj = 0, thus b 2 = αa, for some α ∈ k. Note that α = 0 since by nilpotency a 2 = ab = 0. Consequently N = kb 2 ⊕ kb. For any other pair of indexes i, j and k, l we will get a contradiction to the fact that the nilpotency type of N is (1, 1) . 
Therefore we obtain the following pairwise nonisomorphic algebras, where n 2 1 = n 2 .
J 25 e 2 1 = e 1 e 2 2 = e 2 e 1 n 2 = n 2 e 1 n 1 = 1 2 n 1 e 2 n 1 = 1 2
unitary, associative, n 1 , n 2 ∈ N 11 Table 7 . Four-dimensional Jordan algebras with two-dimensional radical of type (1, 1).
4.4.
Jordan algebras with three-dimensional radical. In this case, we only have one idempotent e 1 ∈ J and the Pierce decomposition of N with respect to e 1 is
The radical N may have the following nilpotency types: (3), (1, 1, 1) or (2, 1).
We prove the following lemma that will be frequently used in the rest of the classification. 
. Finally, by hypothesis we have dim N1 2 = 1, and it follows that N i N1 2 = 0.
1) Nilpotency type (3).
Then N 2 = 0. Let n 1 , n 2 and n 3 be a basis of N then the action of N is defined by choosing to which Pierce subspaces belong n i 's. Thus we obtain the following pairwise nonisomorphic algebras:
J 31 e 2 1 = e 1 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = 1 2 n 3 6 0 4 n 1 , n 2 ∈ N 1 , n 3 ∈ N1
2
J 32 e 2 1 = e 1 e 1 n 1 = 1 2 n 1 e 1 n 2 = 1 2 n 2 e 1 n 3 = n 3 7 0 4 n 1 , n 2 ∈ N1 2 , n 3 ∈ N 1
J 33 e 2 1 = e 1 e 1 n 1 = 1 2 n 1 e 1 n 2 = 1 2 n 2 e 1 n 3 = 1 2 n 3 12 0 4 n 1 , n 2 , n 3 ∈ N1 2 J 34 ke 1 ⊕ kn 1 ⊕ kn 2 ⊕ kn 3 9 3 1 n 1 , n 2 , n 3 ∈ N 0 , associative
J 36 e 2 1 = e 1 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = n 3 9 0 4 n 1 , n 2 , n 3 ∈ N 1 , unitary, associative
T 2 ⊕ kn 3 5 1 3 n 1 , n 2 ∈ N 1 , n 3 ∈ N 0 associative Table 8 . Four-dimensional Jordan algebras with three-dimensional radical of type (3).
2) Nilpotency type (1, 1, 1). In this case, N = T 3 and we have two non-isomorphic Jordan algebras:
e 2 1 = e 1 n 2 1 = n 2 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = n 3 n 1 n 2 = n 3 3 0 4 N = N 1 , unitary, associative Table 9 . Four-dimensional Jordan algebras with three-dimensional radical of type (1, 1, 1 ).
All the other cases lead to contradiction, namely:
By Lemma 4.1 and multiplication table (2.11),
Consequently, there exists n 0 ∈ N 0 such that N 3 = kn 0 , choosing some m 0 ∈ N 0 and n 1 ∈ N 1 we obtain N 2 = N 0 = kn 0 + km 0 . Hence, we have the following products in N: 
Consequently, there exists n 0 ∈ N 0 such that N 3 = kn 0 , choosing some m 0 ∈ N 0 and n1 2 ∈ N1 2 we obtain N 2 = N 0 = kn 0 + km 0 . Hence, we have the following products in N:
We obtain a Jordan algebra only if α = 0 or β ′ = 0, but in both cases it contradicts the fact that dim N 2 = 2. Analogous proof leads to contradiction if
Then, since N = T 3 , for the basis element n 1 we have n 1 = m 0 + m1 2 , with 3) Nilpotency type (2, 1). Then or N = B 3 ⊕ kn 3 or N = T 4 . We have the following cases depending on the dimension of the subspaces N i for i = 0, 1 2 , 1. (i) N = N 0 . We obtain two nonisomorphic associative algebras: Table 10 . Four-dimensional Jordan algebras with three-dimensional radical of type (2, 1) and N = N 0 .
(ii) N = N 1 . We obtain two nonisomorphic associative algebras:
e 2 1 = e 1 n 2 1 = n 2 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = n 3 5 0 4 N = B 3 ⊕ kn 3 , unitary, associative J 43 e 2 1 = e 1 n 2 1 = n 2 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = n 3 n 1 n 3 = n 2 4 0 4 N = T 4 , unitary, associative Table 11 . Four-dimensional Jordan algebras with three-dimensional radical of type (2, 1) and N = N 1 .
, dim N 0 = 2. By Lemma 4.1 and (2.11), N 2 ⊆ N 0 . Consequently, there exists n 2 ∈ N 0 such that N 2 = kn 2 , choosing some n 1 ∈ N1 2 and n 3 ∈ N 0 we obtain N 0 = kn 2 + kn 3 with n 2 2 , n 2 n 3 ∈ N 3 = 0, n 1 n 2 = n 1 n 3 = 0 by Lemma 4.1, n 2 3 = αn 2 and n 2 1 = βn 2 since both belong to N 2 .
Depending on the values of α and β, we obtain the following algebras: 
Note that if α = β = 0 then N 2 = 0. This contradicts to the fact that N has nilpotency type (2, 1).
By Lemma 4.1 and (2.11), N 2 ⊆ N 0 . Consequently, there exists n 2 ∈ N 0 such that N 2 = kn 2 , choosing some n 1 ∈ N 0 and n 3 ∈ N 1 we obtain N 0 = kn 1 + kn 2 with n 2 2 , n 2 n 1 ∈ N 3 = 0, n 2 3 = n 2 n 3 = n 1 n 3 = 0, n 2 1 = αn 2 since n 2 1 ∈ N 2 .
If α = 0 then N 2 = 0, this contradicts to the fact that N has nilpotency type (2, 1). Thus α = 0 and we obtain the following associative algebra:
B 1 ⊕ B 3 3 1 3 associative Table 13 . Four-dimensional Jordan algebra with three-dimensional radical of type (2, 1) and N = N 0 ⊕ N 1 with dim N 0 = 2.
. By Lemma 4.1 it follows that n 2 1 = 0. On the other hand n 
, we have n 1 n 2 = θn 2 + δn 3 and n 1 n 3 = θ 1 n 2 + δ 1 n 3 .
Next we check that {e, n 1 , n 2 , n 3 } satisfy the Jordan identity (2.3). Consequently, we have the following conditions for the constants: (a) θ = θ 1 = δ = δ 1 = 0, in this case we obtain the following algebras depending on the values of α, β and γ:
n 2 e 1 n 3 = 1 2 n 3 n 2 n 3 = n 1 4 1 4 
Note that if α = β = γ = 0 then N 2 = 0 which is a contradiction to the fact that N has nilpotency type (2, 1). (b) α = β = γ = 0, θ = −δ 1 and θ 1 = − δ 2 1 δ with δ = 0, then we obtain only one algebra:
e 2 1 = e 1 e 1 n 2 = 1 2
n 2 e 1 n 3 = 1 2 n 3 n 1 n 2 = n 3 5 1 3 Table 15 . Four-dimensional Jordan algebras with three-dimensional radical of type (2, 1) and
In all the other cases:
the algebras we obtain are isomorphic to one of the algebras:
, n 2 ∈ N 1 , n 3 ∈ N 0 . We have the following products in N:
Depending on the values of α and β we obtain the following algebras: 
Note that if α = β = 0 then N 2 = 0 which is a contradiction to the fact that N has nilpotency type (2, 1).
. By Lemma 4.1 and (2.11) it follows that N 2 ⊆ N 1 . Consequently, there exists n 2 ∈ N 1 such that N 2 = kn 2 , choosing some n 1 ∈ N 1 and n 3 ∈ N 0 we obtain N 1 = kn 1 + kn 2 with n 2 2 , n 1 n 2 ∈ N 3 = 0, n 2 3 = n 2 n 3 = n 1 n 3 = 0, n
If α = 0 then N 2 = 0 which is a contradiction to the fact that N has nilpotency type (2, 1). Consequently α = 0 and we obtain the following algebra:
T 1 ⊕ kn 3 3 1 3 associative Table 17 . Four-dimensional Jordan algebra with three-dimensional radical of type (2, 1) and N = N 0 ⊕ N 1 with dim N 1 = 2.
. By Lemma 4.1 and (2.11) it follows that N 2 ⊆ N 1 . Consequently there exists n 2 ∈ N 1 such that N 2 = kn 2 , choosing some n 1 ∈ N 1 and n 3 ∈ N1 2 we obtain N 1 = kn 1 + kn 2 with: n 2 2 , n 2 n 1 ∈ N 3 = 0, n 2 n 3 = n 1 n 3 = 0 by Lemma 4.1, n 2 1 = αn 2 and n 2 3 = βn 2 since both belong to N 2 .
Depending on the values of α and β we obtain the following algebras:
e 2 1 = e 1 n 2 3 = n 2 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = = n 2 n 2 3 = n 2 e 1 n 1 = n 1 e 1 n 2 = n 2 e 1 n 3 = 1 2 n 3 3 0 4 α = 0 β = 0 Table 18 . Four-dimensional Jordan algebras with three-dimensional radical of type (2, 1) and
. By Lemma 4.1 it follows that n 2 1 = 0. On the other hand n 2 2 , n 2 3 , n 2 n 3 ∈ N 2 1 2 ⊆ N 1 thus n 2 2 = αn 1 , n 2 3 = βn 1 and n 2 n 3 = γn 1 . Since n 1 n 2 , n 1 n 3 ∈ N 1 N1 2 ⊆ N1 2 , we have n 1 n 2 = θn 2 + δn 3 and n 1 n 3 = θ 1 n 2 + δ 1 n 3 .
Next we check that {e 1 , n 1 , n 2 , n 3 } satisfy the Jordan identity (2.3). Consequently, we have the following conditions for the constants: (a) θ = θ 1 = δ = δ 1 = 0, in this case we obtain the following algebras depending on α, β and γ:
n 2 e 1 n 3 = In the other cases: (c) α = θ = δ = θ 1 = δ 1 = 0, (d) α = β = γ = θ = δ = δ 1 = 0, (e) α = β = θ = θ 1 = δ = δ 1 = 0, the algebras we obtained are isomorphic to one of the algebras: J 58 , J 59 or J 60 .
4.5. Nilpotent Jordan algebras. Four-dimensional nilpotent Jordan algebras over the field of complex numbers were described in [AFM] . Observe that this classification is still valid for any algebraically closed field of char = 2. We have the following pairwise nonisomorphic algebras: [J, Chap.II, sect. 8] .
Finally, by Proposition 2.8 every finite-dimensional Jordan algebra has a unique maximal nilpotent ideal N = Rad(J) so, since Rad(J 58 ) = B 3 ⊕ kn 2 and Rad(J 60 ) = T 4 , we obtain J 58 ≃ J 60 .
5.2.
All algebras in the previous sections are special. In 1979, A. M. Slin'ko in [SL] proved that nilpotent Jordan algebras up to dimension 5 are special and in 1989, H. Sherkulov in [S] showed that nonassociative Jordan algebras up to dimension 4 are special.
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